Abstract. A characterization of the inclusion of Waterman-Shiba classes into classes of functions with given integral modulus of continuity is given. This corrects and extends an earlier result of a paper from 2005.
Preliminaries
Let Λ = (λ i ) be a nondecreasing sequence of positive numbers such that [9] . When p = 1, ΛBV (p) is the well-known Waterman class ΛBV . Some of the basic properties of functions of class ΛBV (p) were discussed by R. G. Vyas in [12] recently. More results concerned with the Waterman-Shiba classes and their applications can be found in [1] , [2] , [4] , [6] , [7] , [8] , [10] and [11] . ΛBV (p) equipped with the norm f Λ, p := |f (0)| + V (f ) is a Banach space.
Functions in a Waterman-Shiba class ΛBV (p) are regulated [11, Thm. 2], hence integrable, and thus it makes sense to consider their integral modulus of continuity 
In [4] , a necessary and sufficient condition for the inclusion ΛBV
ω , is given. Also, Wang [13] by using an interesting method found a necessary and sufficient condition for the embedding H q ω ⊂ ΛBV . Here, we give a necessary and sufficient condition for the inclusion of
main result
In [3] , it was claimed that the following is true.
The proof of sufficiency of the condition came up immediately from [5] and so, the main part of [3] concerns the proof of necessity. The theorem itself is correct but, unfortunately, there is a major mistake regarding the existence of some subsequences, which ensures that the proof of [3] is incorrect. To understand this, take ω(
Our main result provides a characterization of the embedding of a generalization of ΛBV , Waterman-Shiba classes, into classes of functions with given integral modulus of continuity. Thus, by considering p = 1, the correctness of [3, Thm. 1] can be verified. lim sup
Proof. To observe that equation (2) is a sufficiency condition for the inclusion ΛBV (p) ⊂ H ω q , we prove an inequality which gives us the sufficiency : 
Corollary 2.4. The maximum value of F (x), under the conditions of Lemma 2.3, is max 1≤k≤n
Lemma 2.5. Suppose 0 < q < 1 and the conditions of Lemma 2.3 hold, then
Proof. Hölder inequality yields
Thus F (x) takes its maximum when
Now, we return to the proof of inequality:
Therefore, by replacing q by q/p in Lemma 2.3, Lemma 2.5 and Corollary 2.4, we get
Necessity. Suppose (2) doesn't hold, that is, there are sequences n k and m k such that
where max
, and
Hence, applying the fact 2(s k + 1) ≥ n k 2 k + 1 and (4), we have
The functions g k have disjoint support. Thus g :=
we observe that g ∈ ΛBV (p) .
and finally 
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